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Let X be a smooth, complete toric variety. Let Ai{X) be the group of alge- 
braic 1-cycles on X modulo numerical equivalence and Afi{X) = Ai{X) (g)^ 
Q. Consider in J\fi{X) the cone NE(X) generated by classes of curves on 
X. It is a well-known result due to M. Reid [13| that NE(X) is closed, 
polyhedral and generated by classes of invariant curves on X. The variety 
X is projective if and only if NE(X) is strictly convex; in this case, a 1- 
dimensional face of NE(X) is called an extremal ray. It is shown in |13] that 
every extremal ray admits a contraction to a projective toric variety. 

We think of Ai{X) as a lattice in the Q -vector space Afi{X). Suppose 
that X is projective. For every extremal ray R C NE(X), we choose the 
primitive class in ii n Ai{X); we call this class an extremal class. The 
set £ of extremal classes is a generating set for the cone NE(X), namely 
NE(X) = Yl-ye£ ^ >o many purposes it would be useful to have a 

linear decomposition with integral coefficients: for instance, what can we 
say about curves having minimal degree with respect to some ample line 
bundle on X? It is an open question whether extremal classes generate 
NE(X) n Ai{X) as a semigroup. In this paper we introduce a set C ^ £ of 
classes in NE{X)riAi{X) which is a set of generators ofNE{X)nAi{X) as a 
semigroup. Classes in C are geometrically characterized by "contractibility" : 



Definition gTs]. Let 7 G NE(X) n^i(X) be primitive along ^i(X) nQ >o 7 
and such that there exists some irreducible curve in X having numerical class 
in Q >o 7. We say that 7 is contractible if there exist a toric variety X^ and 
an equivariant morphism ip^: X ^ X^, with connected fibers, such that for 
every irreducible curve C in X, (f^yiC) = {pt} if and only if [C] G Q>o7- 

This definition does not need the projectivity of X. We give a com- 
binatorial characterization of contractibility in terms of the fan of X, and 
we show that a class 7 is contractible if and only if every irreducible in- 
variant curve in the class is extremal in every irreducible invariant surface 
containing it (theorem p^ ). In the projective case, this property is false 
for extremal classes: it can happen that every invariant curve in a class 
is extremal in every invariant subvariety containing it, but the class is not 
extremal in X (see example on page . 



When X is projective, all extremal classes are contractible, and a con- 
tractible class 7 is extremal if and only if is projective. Hence, con- 
tractible non-extremal classes correspond to birational contractions to non- 
projective toric varieties (corollary ^^). Moreover, we show that a class 
7 € NE(X) is contractible if and only if it is extremal in the subvariety A 
given by the intersection of all irreducible invariant divisors having negative 
intersection with 7. 

As mentioned above, the main result of the paper is that when X is 
projective, contractible classes span Ai{X) n NE(X) as a semigroup (the- 
orem 4.1), namely every class in Ai{X) n NE(X) decomposes as a linear 
combination with positive integral coefficients of contractible classes. In the 
non-projective case, the situation is very different: if C is the set of con- 
tractible classes, in general Yl-yec Q>o7 ^ NE(X) (see remark on page 17). 

As an application of theorem 4.1, we show that when X is projective, 
every curve having minimal degree with respect to some ample line bundle 
is extremal (proposition 4.3). 

This paper is about toric varieties. In the non-toric case, the situation 
is much more complicated; an account can be found in J. Kollar's survey 
paper |1C]. Briefly, if X is a smooth projective variety and / : X — > y a 
morphism with connected fibers, there are essentially two reasons for which 
Y can be non-projective: either / contracts a subcone of NE(X) which is 
not a face, or / contracts a proper subset of some numerical class. In both 
cases, this gives an effective 1-cycle in Y which is homologous to zero. In the 
toric case, we show that at least when / is elementary, namely px — Py = Ij 
the second case cannot happen (lemma |2.6D , essentially because numerical 
equivalence on X implies numerical equivalence on invariant subvarieties 
(see the remark on page ^). In |jl^, section 4, J. Kollar introduces the 
notion of "seemingly extremal ray" in a smooth proper algebraic space, in 
order to generalize the notion of (Mori) extremal ray. Lemma |2.6| easily 
implies that in a smooth complete toric variety, contractible classes defined 
in this paper coincide with seemingly extremal rays that are contractible as 
defined in p^ . 

The basic tools that we use are the language of primitive collections and 
primitive relations, introduced by V. V. Batyrev (||2|, ^, see also [0]), and 
toric Mori theory (M. Reid |13|). Actually the combinatorial characteri- 
zation of contractibility, in terms of the geometry of the fan, is implicitly 
present already in |13|. 

The structure of the paper is as follows: in section 1 we briefly recall 
the definition and properties of primitive collections, and their link with 
toric Mori theory. In section 2 we define contractible classes giving three 
equivalent conditions. In section 3 we compare contractible and extremal 
classes when X is projective. In section 4 we show that when X is projective, 
contractible classes span Ai{X) nNE(X) as a semigroup. Finally, in section 
5, we study how contractible classes vary under blow-up and blow-down, 
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give some examples and show that if X becomes projective after a single 
smooth equivariant blow-up, then primitive relations span Ai{X) fl NE(X) 
as a semigroup. 
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throughout the preparation of this work. I also wish to thank Stephane 
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1. Preliminaries 

For all the standard results in toric geometry, we refer to the books of 
W. Fulton and T. Oda p|. 



Let X be an n-dimensional toric variety: X is described by a finite fan 
Tix in the vector space A'q = (8)z where is a free abelian group of 
rank n. 

We'll always assume X smooth and complete, hence the support of 
is the whole space Nq and every cone in Sx is generated by a part of a basis 
of N . However some of the results that we cite here hold more generally for 



a Q-factorial complete toric variety, as proposition 1.3 and Reid's results on 
toric Mori theory |ll3|| . 

If Xl, . . . , G N,we will denote by (xi, . . . , Xr) the cone in Nq generated 
by Xl, . . . , Xr, namely: 

r 

(xi, ...,Xr) = AjXj I Aj G Q>o for alH = 1, . . . ,r }. 

i=l 

If o" G Sx, we will always choose as a set of generators for a a part of a 
basis of A^. 

We remember that for each r = 0, . . . ,n there is a bijection between 
the cones of dimension r in Sx and the orbits of codimension r in X; 
we'll denote by V{a) the closure of the orbit corresponding to cr G Sx and 
V{x) = V{{x)) in case of 1-dimensional cones. In what follows, we will refer 
to the subvarieties V{(7) as invariant subvarieties. 

For each 1-dimensional cone p G Sxj iet Vp G p (1 N be its primitive 
generator, and 

G(Sx) = {vp\p G Sx} 
the set of all generators in Sx. 

Definition 1.1. [V. V. Batyrev A subset {xi, . . . ,Xh} ^ G{T,x) is a 
primitive collection for Sx if {xi, . . . ,Xh) ^ Sx, but (xi, . . ,Xi, . . ,Xh) G Sx 
for each i = 1, . . . ,h. 

We denote by PC(Sx) the set of all primitive collections for Ex. 

Let a G Ex. We denote by Rellnto" the relative interior of a, namely 
the interior of a in its linear span in A^^q. 
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Definition 1.2. Let P = {xi, . . . ,x/i} C G{Tix) be a primitive collection. 
Since X is complete, the point xi + ■ ■ ■ + Xh is contained in some cone of 
Ex; let Up = {yi, ■ ■ ■ ,yk) be the unique cone in Sx such that 

xi + • • • + x/i G Relint up. 

Then we get a linear relation 

xi H h x/j - (aiyi H h afcyfe) = 

with a positive integer for each i = 1, . . . We call this relation the 
primitive relation associated to P. 

The degree of P is the integer deg P = h — ai — ■ ■ ■ — a^. 

The set of the primitive collections of a fan completely describes the fan: 
an n-uple {xi, . . . , Xn} C generates a cone in the fan if and only if it 

doesn't contain a primitive collection. 

Let Ai{X) be the group of algebraic 1-cycles on X modulo numerical 
equivalence and J\fi{X) = Ai{X) ®i Q. We recall the well-known result: 

Proposition 1.3. The group Ai{X) is canonically isomorphic to the lattice 
of integral relations among the elements ofG{T,x)- ^ relation 

axX = 0, G Z, 

a;GG(Ex) 

corresponds to a 1- cycle that has intersection with V{x) for all x E 
G(Sx). 

Hence, for every primitive collection P G PC(Sx), the associated primi- 
tive relation defines a class r{P) G Ai{X). Since the canonical class on X is 
given by Kx = — J2xeG{^x) ^(^)' every primitive collection P we have 

-Kx -r^P) = deg P. 

Notation: we will often write primitive relations as 

xi H \-Xh = aiyi H h atyk 

instead of xi + • • • + x/i — (aiyi + • • • + Okyk) = 0, i. e. writing elements 
with negative coefficient on the right side. This must not be confused with 
the relation — (xi + • • • + x^) + aiyi + • • • + a^yfe = 0, which is the opposite 
element in Ai{X). 

Terminology: by "curve" we always mean an irreducible and reduced curve 
in X. 

Let NE(X) C Mi{X) the cone of Mori, generated by classes of effective 



curves. It is a result of M. Reid |13] that this cone is closed and polyhedral, 
generated by classes of invariant curves. The following simple lemma assures 
that primitive relations actually lie in NE(X): 
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Lemma 1.4. Let 7 G Ai{X) given by the relation 

aixi H h ahXh - {hyi H h bkVk) = 

wit/i ttj, bj G Z>o /or eac/i i,j. If {yi, . . . , y^) € Ex, i/ien 7 G NE(X). 

Proof. We have to show that 7 • > for every invariant nef divisor D on 
X. All such divisors have the form 

where ip: Nq — > Q is an upper convex support function, i. e. it is linear on 
each cone of Sx, fiN) C Z and ip{u + v) > ip{u) + ip{v) for each u,v E Nq. 
Therefore 

= -{ai(p{xi)-\ \- ahifiixh)) + bnp{yi) -\ \-bk^{yk) 

= -{(p{aixi) H h ip{ahXh)) + (p{biyi H h bkyk) 

= -{(p{aixi) H h (p{ahXh)) + (/'(aiXi H h a/jX^) > 0. 

□ 

Remark: a primitive relation does not need to be the numerical class of an 
invariant curve C, and the numerical class of an invariant curve C does not 
need to be a primitive relation. Here is an example in dimension 3: 

z 




These arc plane sections of two three-dimensional cones {x,y,z); in every 
point corresponding to a ray we indicate the generator of the ray. We sup- 
pose that {x, y, z} is a basis of the lattice and that w = x + y + z,v = x + y, 
u = x + y + 2z. On the left figure we have a curve V{{z, w)) whose relation 
x + y + z = w is not a primitive relation; on the right we have a primitive 
collection {x, y, z} whose primitive relation x + y + z = w is not associated 
to any invariant curve. 

Remark: let 7 be a primitive relation: 

xi-\ \-Xh = aiyi H h akyk- 
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Then, if there are invariant curves having numerical class 7, they are neces- 
sarily contained in V{{yi, yu)) = V{yi) n • • • n V{yk). 

By Kleiman's criterion of ampleness |p, we know that X is projective if 
and only if NE(X) is strictly convex. In this case, its one-dimensional faces 
are called extremal rays. We stress the fact that here extremal only refers 
to the geometry of the cone NE(X); differently from Mori's extremal rays, 
we do not require negative intersection with Kx- With the following result, 
M. Reid gives a precise description of the geometry of the fan around a cone 
corresponding to a curve whose numerical class lies in an extremal ray: 



Theorem 1.5 (M. Reid p^], theorem 2.4). Let X he projective, R an 
extremal ray o/NE(X) and 7 G R{^Ai[X) primitive along the ray. Then 
there exists a primitive collection P = {xi, . . . , x^} such that 7 = r{P): 

7 : xi-\ \-Xh = aiyi H h auyk- 

Moreover, for every v = (zi, ... ,24) such that {zi, . . ,Zt}n{xi, . .,Xh,yi, ■ ■ ,yk} 
and (2/1, .. , yk) + € ^x, we have 

(xi, . . ,Xi, . . ,Xh,yi, . . ,yk) + 1^ & for all i = I, . . . ,h. 

Remark: suppose that 7 E NE(X) is either the class of an invariant curve, 
or a primitive relation. Then, in both cases, 7 is primitive in ^1 (X) HQ >o7. 
This is because in both cases the relation has some coefficients equal to 1. In 
particular, when R is an extremal ray of NE(X), there are a unique class of 
an invariant curve and a unique primitive relation contained in R, and they 
both coincide with the primitive element of RdAi^X). To avoid confusion, 
we will call extremal class (or extremal curve) only such a primitive class. 



As a consequence of theorem 1.5, we have an important description of 



the cone of effective curves for projective toric varieties: 

Proposition 1.6 (V. V. Batyrev Q). Suppose that X is projective. Then 
the cone of effective curves NE(X) is generated by primitive relations. 



Remark: if X is non-projective, we just have by lemma |LJ 



^ Q>or(P) CNE(X). 
PGPC(Sx) 



We do not know if equality still holds. Corollary S.C tells us that equality 



holds if X becomes projective after a single smooth equivariant blow-up. 
2. Contractible classes 

We recall that X is an n-dimensional, smooth, complete toric variety. 
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By a smooth equivariant blow-up, we mean the blow-up of a smooth 
toric variety along a smooth, invariant subvariety. The resulting variety is 
a smooth toric variety. 

Let f : X ^ Y he a smooth equivariant blow-up along V{t) C Y, with 
r = (xi, . . . , x/j). Then P = {xi, . . . , Xh} is a primitive collection in Sx, 
with relation 

r(P) : xi + • ■ ■ + Xh = X. 

V{x) is the exceptional divisor in X, and r(P) is the class of a contained 
in a fiber of /. We remark that / contracts all irreducible curves in X whose 
numerical class is a multiple of r{P). In general, if X is a non-toric smooth 
complex algebraic variety, / could contract only a proper subset of all the 
irreducible curves having numerical class in Q>or(P); anyway, in such a 
case Y would not be algebraic (see 
and lemma |2.6| in this paper). 



1.3, yj 4.1.3, H § 3 in Appendix B 

The class r{P) is not necessarily extremal in NE(X): 

Proposition 2.1 (L. Bonavero [^). Suppose that X is projective. Then 
r{P) is extremal in NE(X) if and only ifY is projective. 

We remark that even if r{P) is not extremal, it is "contractible" in the 
sense that there exists a morphism f : X ^ Y such that for any irreducible 
curve C C X, f{C) is a point if and only if [C] G Q>or(P). 

We want to give an example of this behaviour. Let y be the only com- 
plete non projective toric 3- fold with Picard number 4 (see [l^, page 85, and 
also [^). The fan of Y is on the left side of the figure (it is projected onto the 
face (ei, 62, 63)). The set {ei, 62, 63} is a basis of the lattice, cq = —61—62—63 
and /i = 60 + 6i for i = 1, 2, 3. 





Let X be the blow-up of Y along the curve y((/i, 62)). The fan of X is on 
the right side of the figure. The set {/i,e2} becomes a primitive collection 
in Sx, with relation fi + e2 = x. Let 7 € NE(X) be the class corresponding 
to this relation. It is easy to see that X is projective: it is obtained from 
by 4 smooth equivariant blow-ups. By proposition 2.1, 7 is not extremal in 
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NE(X), otherwise Y would be projective. The variety X has Picard number 
5, and its extremal classes are given by the primitive relations: 



ui : 


ei + /2 


= X 


UJ2 ■ 


/l + 63 


= ei + h 


0^3 : 


62 + /s 


= /2 + 63 


0^4 : 


eo + X 


= /1+/2 


0^5 : 


/l + /2 + h 


= 2eo. 



NE(X) is a simplicial cone in a 5-dimensional vector space, and 7 = tJi + 
0^2 + t^s- The invariant curves in X having class 7 are Ci = V{{ei,x)) = 
V{ei) n V{x) and C2 = l^((/2,a;)) = ^(/2) n Let's consider the 

irreducible invariant surfaces containing Ci or C2. The surface V{x) is 

xP^ and Ci, C2 in are the invariant fibers of one of the two fibrations 
on P^. The surface V{ei) is P^ blown-up in two points, and Ci is one of 
the exceptional curves. The surface V{f2) is obtained from P^ blown-up in 
two points, blowing-up a fixed point lying on one exceptional curve E; in 
y(/2) the curve C2 is the strict transform of E and it has self-intersection 
—2, hence it is extremal. Thus we see that even if 7 is not extremal in X, Ci 
and C2 are extremal in both irreducible invariant surfaces containing them. 

We are going to define a class of elements in NE(X) with properties 
similar to those of 7. 

Theorem 2.2. Let X he a smooth, complete toric variety and let 7 S 
Ai{X) n NE(X). Then the following conditions are equivalent: 

(i) 7 is the class of some invariant curve in X, and every invariant curve 
having class 7 is extremal in every irreducible invariant surface containing 
it. 

(a) 7 is a primitive relation of the form 

xi H \-Xh = aiyi H h a^yk 

and for every u = {zi,..,zt) G such that {zi, . . , zt}n{xi, . . ,Xh,yi, ■ ■ ,yk} 
and {yi, . . . , y^) + v ^ Sx, then 

(xi, . . . .,Xh,yi, . . ,yk) + for all i = 1, . . . ,h. 

(Hi) 7 is primitive in Ai{X) D Q>o7; there exists some irreducible curve 
having numerical class in Q>o7, o-nd there exist a toric variety X^ and an 
equivariant morphism ip^: X ^ X^, with connected fibers, such that for 
every irreducible curve C C X 

cp^{C) = {pt}^[C]eQ>oj. 
Definition 2.3. We say that 7 is contractible if one of the equivalent con- 



ditions of theorem 2.2 is satisfied. 
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Remarks: 

• when X is projective, by Reid's theorem L5, an extremal class is always 
contractible. 

• We recall that all complete smooth toric surfaces are projective. For 
surfaces, the notions of contractible class and extremal class coincide. 

• As we saw in the preceeding example, if X is projective, a class can be 
extremal in all irreducible invariant hypersurfaces containing some invariant 
curve of the class, without being extremal. 

• If y C X is an irreducible invariant subvariety, then the natural map 
Pic X Pic V induced by restriction of divisors is surjective, hence we have 
an inclusion Mi{V) C Mi{X). In other words, if two curves Ci,C2 C V are 
numerically equivalent in X, then the same holds in V. Thus, if ip^ is a 
morphism as in (iii), then there are two possibilities: 

a. V does not contain any irreducible curve having numerical class 7, hence 
f.y\V- V ^ f-yi^) is an isomorphism; 

b. 7 defines a class in NE(y) and y — > f-yiV) is the contraction of 
this class. 

This is a fundamental property which does not hold for general (non-toric) 
varieties. 

The proof of the two implications (i) =^ (ii) and (ii) =^ {in) of theo- 
rem is based on Reid's proof of theorem 2.4 in [^]; looking carefully 
at Reid's construction, it actually turns out that to get the existence of a 
morphism as in (iii), you just need that invariant curves in the class are 
extremal in all invariant surfaces containing them. We also remark that re- 
formulations of Reid's theorem |l.5| in terms of primitive relations are already 
present in Batyrev's and Sato's work (see Q, section 2.3, and |]l4|, sections 
4 and 5). 

Proof of theorem \2.^ . (i) =^ {ii) Let C C X be an invariant curve having 
numerical class 7 and let 

(ei,...,e„_i) = (ei, . . . ,e„_i,en) n (ei, . . . , e„_i, e„+i) 

be the associated cone. Then the relation associated to [C] is 

n-l 



ajCj + en + en+i = 0, a, G 



1=1 



For each i = l,...,n — 1 we consider the invariant surface Si correspond- 
ing to (ei, . . , Cj, . . , Cn-i). Let Ni be the subgroup of N generated by 
ei, . . , Cj, . . , e„_i; we denote by x the image of an element x & N in the 
quotient group N/Ni. In S5. the curve C corresponds to the ray (cj) and 
has relation aie-i -|- e„ + en+i = 0. Since C is extremal in NE(S'i), we have: 
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• if Hs such that Oj > 0, then Oj = 1 and Si ~ P^, so (ei, . . , e^, . . , e„+i) G 

• if i is such that = 0, then Si is a Hirzebruch surface F^, so there exists 
e- G such that (ei, . . , e,, e-, . . , Cn-i, Cn), (ei, . . , e^, e^, . . , e„_i, e„+i) 
are in Sx- 

We reorder ei, . . . , e„_i in such a way that ai, . . . , are negative and 
Op, ... , a„_i are positive, with < q < p < n. Then the relation associated 
to [C] is 

Cp H h e„+i = biei H h bgCg, 

with 6i = |ai| for i = 1, . . . , g; moreover, it is a primitive relation. 

We remark that 'dp = q+1, then (ii) is already proved; thus let's assume 
in the sequel p> q + 1. 

Let A-y C Tix be the set of cones i' = {zq^i, . . , Zp^i) such that the cone 
(ei, . . , Cg, Zg+i, . . , Zp-i,ep, . . , Cj, . . , Cn+i) has dimension n and is in Sx for 
alH = . . , n + 1. We have just proved that (e^+i, . . . , Cp-i) G A-y, thus A-y 
is non-empty. For each v = {zg+i, . . , Zp-i) G A-y, we get invariant curves 
having class 7, corresponding to the cones 

(ei, . . , Cq, Zq-\.\, . . , Zp—l, Cp, . . , Si, . . , Sj , . . , Cji-j-l) , i,j G {p, . . , 77, + 1}. 

Again, looking at the irreducible invariant surfaces containing these curves, 
we get that for all I = g + 1, . . ,p — 1 there exists z'^ G G(Sx) such that 
v'l = {zq+i, . . ,zi,z'i,. . , Zp-i) is in A^. 

Let U = (ei, . . , Cq, ep, . . , e„_|_i) and P{i^) = U + u ioic all v & A,y. Each 
P(z/) is a union of n-dimensional cones of Sx- There are three types of 
(n — l)-dimensional cones of Sx lying in P{y)'- 

• the cones of type (ei, . . , ej, . . , e^, e^, . . , Cj, . . , e„+i) -)-z/, with j G {!,.., g} 
and i G {p, . . , n + 1}, which are external faces of -P(i^); 

• the cones of type (ei, . . , e^, ep, . . , Cj, . . , e^, . . , e„+i)-|-i/, with i^j G {p, . . , n+ 
1}, which are internal to P{i'), because they are intersection of two n- 
dimensional cones in P{i^); 

• the cones of type (ei, . . , e,, Zq+i, ..,Zj,.., Zp-i,ep, . . , Cj, . . , e„+i) with 
j G {q + 1, . . ,p — 1} and i G {p, . . ,n + 1}; these cones are intersection 
of two n-dimensional cones, one in P{i') and one in P(z/j), where Vj = 

{^q+l T • • } Zj , Zj, . . , Zp^i) . 

Consider now the union V of all P{i^) for ly G A,y. We have just 
shown that V is a union of n-dimensional cones of Ex and that its ex- 
ternal faces do not contain (ei, . . . , Cg). Hence, if {zg+i, . . , Zp-i) is such that 

{Zq+l, ■ . , Zp^i} n {ei, . . , Cq, Cp,.., Cn+l} = and (ei, . . , Cq, Zq+l, . . , Zp^i) G 

Ex, it must be {zq+i, . . , Zp-i) G A-y. Hence we have shown that (ii) holds 
for 7. 

(ii) =^ (iii) 7 is a primitive relation of the form 

xi-\ \-Xh = aiyi H h akUk- 
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For V = {0}, we get {xi, . . ,Xi, . . ,Xh,yi, ■ ■ , Vk) e for alH = 1, . . . , /i. 

Let C Tix be the set of cones u = (zi, . . , z^) of dimension t = n — h — 
k + l such that {zi,..,zt} D {xi, . . , x/,, yi, . . , y^} = and i/ + {yi, ..,yk) G 
Sx- Any n-dimensional cone of containing {yi, . . . ,yk) must have the 
form {xi, . . ,Xi, . . , x/j, 2/1, . . , yh, Zi, . . ,Zt) for some z G {1, . . , h}, hence is 
non-empty. 

Let u = {zi, . . , zt) & A^ and fix i G {1, • • , h}, j £ {1, • • , t}. The cone 
(xi , . . ,Xi, . . , Xh,yi, ■ ■ ,yk, zi, . . , Zj , . . , zt) has dimension n — 1 and must be 
the intersection of two n-dimensional cones in T,x', therefore there exists a 
' € G{T,x) such that u', = {zi, . . , zj, z',, . . , Zt) G A, 



Set [/ = (xi, . . , x/i, yi, . . , yk)-, Pii^) = U + u ioi ly £ A^ and let V be 
the union of all P^i^)- The same description given in the first part of the 
proof holds: distinct P^i^) intersect each other along common faces; V is 
a union of n-dimensional cones of Sx and contains all (n — l)-dimensional 
cones corresponding to invariant curves having numerical class 7. 

Suppose that /c > 0, i. e. that 7 is not numerically effective. Then the 
boundary of V is a union of faces in Sx, none of which contains (yi, . . . , y^). 
The set 

= Sx \ {r e Sx I dimr = n — 1, V{t) has numerical class 7} 

is a fan, different from Sx only inside V; inside V, its n-dimensional cones 
are the P{v), for v € A^. The fiber over the point V{P{v)) G is 
V{u + {yu...,yk))^¥''-\ 

If /c = 0, i. e. the class 7 is numerically effective, then [/ is a linear 
subspace of Nq, and V is a polyhedral decomposition of Nq. If you remove 
from Sx all (n — l)-dimensional cones corresponding to curves having class 
7, you get a degenerate fan with vertex [/; then taking the quotient of each 
cone by U you get the fan of X^. 

{Hi) (i) First, we show that the implication is true when dimX = 2. In 
this case X is obtained by a finite sequence of blow-ups at fixed points from 
or from a Hirzebruch surface Fq (see [12|, page 42); in particular, X is 



projective. There are only three possibility for 93^: 

• if-f contracts X to a point; then X ~ and 7 is the class of a line; 

• ip^: X then X is a Hirzebruch surface and 7 is the class of a 
fiber; 

• 93^ is birational and its exceptional locus is a curve E with negative 
self-intersection; E is the only curve having class 7. 

In all three cases, we see that 7 is extremal in NE(X). 

When dimX > 2, consider an irreducible invariant surface S d X. If 
S contains some curves having class 7, then as remarked on page ^, the 
morphism ip^\s'- S — > (f-yiS) is the contraction of a contractible class in 
NE(S'); hence this class is extremal in NE(S') and the statement follows. □ 
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Corollary 2.4. Let X be a complete, smooth toric variety, 7 G NE(X) a 
contractible class and cp-y-. X ^ Xy the associated morphism. 
Suppose that 7 is numerically effective: 

xi H \- Xh = 0- 

Then X^ is smooth of dimension n — h + 1 and ip^ is a -bundle. 
Suppose that 7 is not numerically effective: 

xi H hx/i = aiyiH htifc^fc, A; > 0. 

Then Lp.y is birational, with exceptional loci A CZ X , B C X^ given by 
A = y{{yi, ■ ■ ■,yk)), B = V{{xi, . .,Xh,yi, . ■,yk)); dim A = n-k, dimB = 
n — h—k + 1 and ipy\j^: A ^ B is a -bundle. Moreover, X^ is simplicial 
if and only if k = 1; it is smooth if and only if k = 1 and ai = 1, in which 
case if^y is a smooth equivariant blow-up. 

Remark: here with "projective bundle" we mean locaUy trivial on Zariski 
open subsets; hence it is actually the projectivized of some vector bundle on 
the base (see 7.10, page 170). 

Proof. In the case of 7 numerically effective, the fact that 93^ is a P'*"^- 
bundle follows from the combinatorial description in theorem |2.2| , (ii), by 
standard results of toric geometry (see |^], theorem 6.7 on page 246, or 0, 
page 41). 

When 7 is not numerically effective, the only unclear point in the state- 
ment is that iPy\A : A ^ B is a P'*~^-bundle. But this follows from the 
preceeding case, because in A we are contracting a numerically effective 
class. □ 

The following corollary points out that it is enough to check contractibil- 
ity in a suitable subvariety: 

Corollary 2.5. Let X be a complete, smooth toric variety and'j € Ai{X)r] 
NE(X). Let Di, . . . , Dk be the irreducible invariant divisors in X having 
negative intersection with 7 and let A = DiD- ■ -nD^. Then 7 is contractible 
in X if and only if it is contractible in A. 

Proof. All irreducible curves in 7 are contained in A and they are still numer- 
ically equivalent in A (see the fourth remark after theorem |2.2| , on page P) . 
Hence 7 actually defines a class in NE(A). 
Consider the relation associated to 7 in X: 

bixi + ■ • • + bhXh — {aiyi + • • • + afe^fe) = with 6j, aj > for all i,j. 

Then {Du...,Dk} = {V{yi), . . . ,Viyk)} and A = V{{yi, . . . ,yk)). The 
primitive relation associated to 7 in A is 

61X1 H h bhXh = 0, 
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where Xi is the image of Xi in the quotient group of by the subgroup 



spanned by yi, . . . , y^. Condition {ii) of theorem 2^ for 7 gives the same in 



X and in A, hence the statement follows. □ 

The following lemma shows that an equivariant morphism f: X ^ Y 
with connected fibers and such that px — Py = ^, always of type ip-y for a 
contractible class 7. 

Lemma 2.6. Let X be a complete, smooth toric variety, Y a toric variety 
and f: X ^ Y an equivariant morphism with connected fibers. Suppose that 
there exists 7 G NE(X) n Ai{X), primitive in Ai{X) H Q>o7; such that for 
every irreducible curve C C X such that f{C) = {pt}, we have [C] G Q>o7- 
Then 7 is contractible and f = ip^. 

Proof. We have to show that if C C X is an irreducible curve such that 
[C]gQ>o7, then /(C) = {pt}. 

Let Di, . . . , Dk be the irreducible invariant divisors in X having negative 
intersection with 7 and let A = Di fl • • • n D^. Considering the restriction 
/|^: A — > f{A), we can suppose that 7 is numerically effective and A = X. 

Moreover, it is enough to prove the statement for the restriction f^g: S — > 
f{S) to any irreducible invariant surface S C X, thus we can suppose 
dimX = 2. 

Since every curve contracted by / is numerically effective, it must be 
dimy < dimX or / isomorphism. If dimY = 0, the statement is clear. If 
dimy = 1, we have a fibration /: X ^F^, and 7 is the class of the generic 
fiber. Since / cannot contract any exceptional curve, it must be a toric 
P-'^-bundle: hence 7 is extremal in NE(X) and / = 93^. □ 

As we already remarked in the introduction and at the beginning of sec- 



tion 2, in the non-toric case the statement of lemma |2.6| is false if Y is 
non-projective; in fact, it may happen that f: X ^ Y contracts only a 
proper subset of the numerical class 7. 



3. Contractible versus extremal in projective varieties 

In this section we characterize contractible, non-extremal classes in a projec- 
tive toric variety. Moreover, we give a combinatorial criterion for a primitive 
relation to be contractible. 

For numerically effective classes, the following result is immediate from 
corollary |2.4| : 

Corollary 3.1. Suppose that X is projective and 7 E NE(X) is contractible 
and numerically effective. Then 7 is extremal and X^ is projective. 

Hence, by corollary when X is projective a class 7 € NE(X) is 
contractible if and only if it is extremal in the subvariety A given by the 
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intersection of all irreducible invariant divisors having negative intersection 
with 7. 

For non numerically effective contractible classes we have the following: 

Lemma 3.2. Let j be a contractible class, non numerically effective, and 
let ip^: X ^ Xy be the associated birational morphism. 

Then X^ is projective if and only if X is projective and 7 is an extremal 
class. 

Proof. Suppose X-f that is projective and let H E PicX-y ample. Then for 
every irreducible curve C C X we have ip^{H) • C > 0, and 

ip;{H)-C = ^ ipy{C) = {pt} ^ [C]eQ>o7- 

Hence 7 generates an extremal ray in NE(X), which also implies that NE(X) 
is strictly convex and X is projective. 

Viceversa, if X is projective and 7 is extremal, it is known that X-y is 
projective. □ 

Corollary 3.3. If X is projective, then contractible non extremal classes in 
NE(X) correspond to birational contractions to non projective varieties. 

We end this section with a combinatorial criterion for contractibility, 
which gives a simple combinatorial algorythm to determine, given all prim- 
itive relations in Sx, which are the contractible ones. It's remarkable that, 
when X is projective, there is no analogous algorythm to determine which 
primitive relations are extremal in NE(X). 

Proposition |3.4| has been proven by H. Sato ( p^ , theorem 4.10) for a 
primitive relation r(P) corresponding to a smooth equivariant blow-down; 
the same proof holds for general primitive relations. 

Proposition 3.4. Let P = {xi, . . . ,Xh} be a primitive collection in T^x, 
with primitive relation r{P) : xi + ■ ■ ■ + Xh = aiyi + • • • + ajtyfc- Then r{P) 
is contractible if and only if for every primitive collection Q ofSx such that 
<5 n P 7^ and Q ^ P, the set (Q \ P) U {yi, . . . , y^} contains a primitive 
collection. 

In particular, when a primitive relation r(P) is numerically effective, it 
is contractible if and only if P is disjoint from all other primitive collections 
of Sx. 

4. A property of NE(X) for X projective 

In this section, we prove the 
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Theorem 4.1. Let X be a smooth projective toric variety. Then for every 
rj £ Ai{X) n NE(X) there is a decomposition 



T/ = mi7i H h rUr^r 

with ji contractible and rrii € Z>o for all i = 1, . . . , r. 



We will prove theorem [4.1| by reducing the analysis to invariant surfaces 
of X. We remark that, since every curve on X is numerically equivalent to 
a linear combination of invariant curves with positive integral coefficients 
(see [^], proposition (1.6)), it is enough to prove the theorem for classes of 
invariant curves. 

In dimension 2, contractible classes coincide with extremal classes, be- 



cause all complete toric surfaces are projective. Therefore, theorem 4.1 can 
be restated for surfaces as follows: 

Proposition 4.2. Let S be a smooth projective toric surface. Then every 
class r] E Ai{S) D NE(S') can be decomposed as a linear combination with 
positive integral coefficients of extremal classes. 



Proof of proposition We have to show: 

(P) ifCcS invariant, then C = rriiCi, with rui € Z>o and Ci extremal 
in NE(S') for all i. 

(P) is true for minimal toric surfaces, namely for and for the Hirze- 
bruch surfaces (see for instance |12], page 108). We show that if vr: S — > T 



is an equivariant smooth blow-up, and (P) is true for T, then it is true for 
S. 

Again, if T ~ p2, then S" ~ Fi and (P) holds for S; hence we can suppose 
T 9^ P^. Let -E C S" be the exceptional curve, p = tt{E) G T, C C S an 
invariant curve different from E and B = it{C) C T. We can also assume 

> 0, because if C'^ < then C is extremal and there is nothing to prove. 

Suppose C ■ E = 0, thus C (1 E = fj). Since (P) is true for T, we have 

B = y^mjCj, 

i 

with rrii £ Z>o and Ci extremal in NE(T) for all i. Let Ci be the strict 
transform of Ci in S: Ci is extremal in NE(S') and 

n*{Ci)='C^ + eiE 

with ffj = or 1 if respectively p ^ Ci or p G Ci. Thus 

C = TT*{B) = Y, miTr*iCi) = ^^^^ + 

i i i 

is the decomposition we were looking for. 
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Now suppose C ■ E = 1. Let C be the other invariant curve in S such 
that C ■£ = !, and let B' = tt{C') C T. 

In St we have: B = V{x), B' = V{x'), p = V{{x, x')). Let y, y' € 
such that {y,x) G and {y',x') G Sr- Then the classes of B and B' in 
AAi(T) are respectively given by the relations: 

y + x' + ax = 0, y' + X + ax' = 

with a = 5^ = + 1 > 1 and a' = (5')^. Since T 9^ P^^ ^.j^gj-g g^jg^g 

a primitive collection of type {u, —u}: in fact, T is obtained from some 
Hirzebruch surface ¥a by a finite sequence of smooth equivariant blow-ups, 
and all Hirzebruch surfaces contain a primitive collection of type {u, —u}. 
The fact that a > 1 implies that the two cones {x, x') and (y, x) cover strictly 
more than a half plane in A^q: therefore the only possibility is —x G 
Since {y',x') G Ey, y' must lie in the cone {—x,x'), so a' < 0. 



X 




Now we consider the element of Ai{T) given by the relation: 
y + (1 - a)x' + (a - l)x - y' = 0. 



This class corresponds to [B] — [B'] and by lemma 1.4 it is an element of 
Ai{T) n NE(r), because 1 - a' > and a - 1 > 0. Thus we can apply (P) 
to [B] - [B'] and get 

B = B' + ^miCi, 

i 

nii € Z>o, Ci extremal in NE(r) for all i. 
In S we have: 

7r*{B) = C + E, TT*{B') = C' + E, n* {Q) = Ci + SiE ei = 0,l 
hence C = C' + rriiCi + mi£i)E. 

i i 

This is the decomposition we were looking for: C is extremal, because 
{C')^ = {B'f - 1 = a' - 1< 0. □ 
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Proof of theorem 4-1- Let H € PicX be an ample line bundle and C C X 



an invariant curve. 

If C is contractible, there is nothing to prove. If C is not contractible, 



by theorem |2.2| , there exists an invariant surface 5 containing an invariant 
curve C numerically equivalent to C, such that C is not extremal in NE(5'). 
In S we have 



i=l 

with r > 1, mi £ Z>o, Cj C S. Thus in X 

r 

C = C' = J2^iCi 



i=l 



Now H ■ C = X]i=i "^iH ■ Ci, so for each i we have H ■ d < H ■ C . If some 
of the Ci are not contractible in X, we iterate the procedure; since H ■ C is 
a positive integer, we must end after a finite number of steps. □ 



Question: in the same assumptions of theorem 4.1, does every class in 
Ai{X) n NE(X) decompose as a linear combination with positive integral 
coefficients of extremal classes? 

Answering to this question means understanding how a contractible non- 
extremal class r] decomposes as a linear combination of extremal classes. The 
point is that a priori the coefficients are rational and can fail to be integers, 
so we don't know whether there exists an effective class 7 such that 77 — 7 is 
in NE(X). 



Remark. In theorem 4.1 the hypothesis of X being projective is funda- 
mental: in fact, if X is not projective, in general contractible classes can fail 
to generate the cone NE(X) even over Q. As an example, consider the non- 
projective toric variety Y of dimension 3 and Picard number 4, described 
on page |^. We recall that there is a smooth equivariant blow-up tt: X —)■ Y 
such that X is projective. In the fan of Y there are seven primitive relations, 
four of which are contractible: 



71 

74 

76 
77 



ei + /2 
/i + es 
62 + fs 
eo + 62 
/l + /2 + /3 

eo + ei 
eo + es 



/i + e2 
ei + fs 
f2 + es 

/2 

2eo 

/i 

/3. 



(C) 
(C) 

(C) 



We are keeping the notations of page ^. The relations between these classes 



are: 



71 



+ UJ2+UJ3 = 0, 74 = ^3 + 77 , 76 = 71 +74 , 77 = ^^2 + 76- 
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These primitive relations generate all NE(y), it is possible to see this look- 
ing at TT* : NE(X) — > NE(y) (see corollary ^.SP . Anyway, the three non- 
contractible primitive relations 74, 7g and 77 can not be obtained as a linear 
combination with positive rational coefficients of the four contractible rela- 
tions. 



We end this section with an application of theorem 4.1 



Proposition 4.3. Suppose that X is projective and let H C X be an ample 
divisor. Let 

mu = min{ (C • H) \ C curve in X}. 
Then every class 7 € NE(X) such that H ■ ^ = tuh is extremal. 



Proof. By theorem 4.1, we know that 7 is contractible; in particular the 
relation associated to 7 is primitive: 

xi H Vxr = aiyi H h auVk- 

Let Vi = V [xi) for z = 1, . . . , r and consider the divisor 

H = H-'^{Vi + --- + Vr). 
r 

Since • 7 = 1 for all i = 1, . . . , r, we have H ■ 'j = 0. Now \et B C X be 
an extremal curve, having numerical class different from 7: let's show that 
H ■ B > 0. Since B is extremal, B - Vi < 1 for all i: we claim that it can not 
he B-Vi = 1 for all i. Indeed, in that case [B] = r{P) with P ^ {xi, . . . , x^.}, 
so P = {xi, . . . , Xr} and [B] = 7. Hence there exists an index j € {1, . . . ,r} 
such that B -Vj < 0: this implies 

H ■ B > H ■ B - — ^Vi ■ B > ruH (l - ^—^j > 0. 

□ 



Corollary 4.4. Let X be projective, H C X an ample divisor and 7 € 
NE(X) such that ^ ■ H = 1. Then 7 is an extremal class. 

5. Blow-ups 

Throughout this section, X and Y are smooth, complete, n-dimensional 
toric varieties and tt: X — > y is a smooth equivariant blow-up. We want 
to study the behaviour of contractible classes (and more generally of prim- 
itive relations) under vr. We recall that any birational map between two 
smooth, complete toric varieties factorizes as a sequence of smooth equiv- 
ariant blow-ups and blow-downs |jll|, |l|, hence it is natural to study what 
happens through a single step. 
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Let A = V{{vi, . . . ,Vr)) C F be the center of the blow-up, E = V{v) C 
X the exceptional divisor and 6 € NE(X) the contractible class coming from 
the blow-up, with relation vi + ■ ■ ■ + Vr = v. 

We recall that = G(Sy)u{v} andMi{Y) = Mi{X)/Q-S; actually 

N'liY) is naturally identified with the hyperplane in J\fi{X) given by those 
relations where v does not appear. Under the projection tt* : J\fi{X) — > 
Afi{Y), we have NE(y) = 7r*(NE(X)). 

We recall that when X and Y are projective, the class S is extremal 
in NE(X) and NE(y) is obtained projecting NE(X) from S. Hence every 
extremal ray of NE(y) comes from an extremal ray of NE(X). Anyway, 
since NE(X) in general is not a simplicial cone, it may happen that some 
extremal ray of NE(X) is projected on something non-extremal in NE(y). 
It is natural to ask if similar properties hold for contractible classes. The 
result we get is the following: 

Theorem 5.1. Let Cx (respectively, Cy) be the set of contractible classes 
in NE(X) (respectively, NE(y) ). Then: 

• TT* : NE(X) NE(y) is iniective on Cx \ {S}; 

• 7r*(Cx \ {<^}) are all primitive relations; 

• Cy QMCx^{S}). 

Moreover, ifuE Cx \ {S} and 7r*(a;) is not contractible, then u ■ E = 1 and 
there exists some i E {1, . . . ,r} such that u ■ V{vi) = —1. 

Remarks: 

• in general Cy ^ t^*{Cx \ {<^})) namely to G NE(X) contractible does 
not imply 7r*(ti;) contractible in NE(y). We can see this in dimension 2 for 
extremal classes: let 5 be a smooth toric surface containing an invariant 
curve C, not extremal, such that (7^ = (for instance, take the blow-up 
of P"*^ X P-*^ at one point). Consider the blow-up of S" at a fixed point of C. 
The strict transform C has self-intersection —1, hence it is extremal, but its 
class projects on the class of C, which is not extremal. 

• Suppose that X, Y are projective and let 7 € NE(y) and 7 G NE(X) be 
two contractible classes such that 7r*(7) = 7. Then we have: 

7 extremal =^ 7 extremal, 

because there is always an extremal class that projects onto 7, but since there 
is a unique contractible class projecting onto 7, this extremal class must be 
7. The converse is false in general: even if 7 is extremal, in NE(X) there can 
be a relation + h5 = AjWj, with a, 6, Aj G Z>o and ui extremals. Then 
07 = XiiT^iui) is not extremal. We remark that in this way, if a > 1, we 
get rational coefficients. 

There is a result of H. Sato that allows to compute the primitive collec- 
tions of X from the ones of Y: 
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Theorem 5.2 (H. Sato [Q, Theorem 4.3). Let P G PC(Sy). 
a. If P {vi, . . . ,Vr} = 0, then P is a primitive collection in Tix- 



b. If P D {vi, . . . ,Vr}, then {P \ {vi, . . . , Ur-}) U {v} is a primitive collection 
in Sx- 

c. If P D {vi, . . . ,Vr} 7^ and P ^ {vi, . . . ,Vr}, then P is a primitive 
collection in Sx; moreover, either (P \ {vi, . . . , Vr}) U {v} is a primitive 
collection in Sx, or it contains a primitive collection Q' G PC(Sx) such 
that Q' = (g \ {vi,. . .,Vr}) U {v} for some Q G PC(Sy). 

Except {vi, . . . ,Vr} , all the primitive collections of T,x are obtained in 
one of these three ways. 

Definition 5.3. We say that a primitive collection P is of type a, b oi c 
if respectively P n {vi , . . . ,Vr} = 0, P D {vi, . . . ,Vr} or P n {vi, . . . ,Vr} = 
{fjj, . . . ,Vi^} with < m < r. Moreover, for each P we define P' in the 
following way: P' = P is P is of type a; P' = (P \ {vi, . . . , Vr}) U {v} if P is 
of type b or c. According to theorem |5.2| , P' is always a primitive collection 
in Sx when P is of type a or 6. 

We are going to analyze, for each of these types of primitive collections, 
how primitive relations change under the blow-up. Since the same P can 
be a primitive collection for both Sx and Sy, we will denote by rx(P) and 
ry(P) respectively the primitive relations associated to P in Sx and Sy. 

We remark that even if these three types are clearly distinct from a 
combinatorial point of view, this distinction doesn't have a clear geometrical 
meaning. The relative positions of A and the locus Z of ry(P) can be quite 
different inside each type a, b, c. For instance, when P is of type a and 
ry(P) is contractible, it can be either ZnA = 0orZn^7^0, and even 
Z^AorZQA. 

Lemma 5.4. Let P G PC(Sy) be of type a orb. Themi^{rx{P')) = ry(P), 
and rx{P') is contractible if and only if ryiP) is contractible. 

For primitive relations of type c, the analysis is more delicate: theo- 
rem tells us that P is a primitive collection for Sx, and P' may also 
be a primitive collection for Ex. It is easy to see that that the primitive 
relation of P in Sx is the same that the one in Sy: rx(P) = ry(P). But 
if P' is primitive, the primitive relation rx(P') is unknown, and in general 
7r*(?'x(P')) is not a primitive relation. 

Lemma 5.5. Let P G PC(Sy) be of type c, with associated primitive rela- 
tion ry(P).- 

\-Vm + xi-\ \-Xh = Om+iVm+i H h atVt + 6iyi H h bkVk 

with l<m<r,m<t<r, and let Z = V{{vm+i, . . ,Vt,yi, ■ ■ , yk)) be the 
locus ofryiP). Then: 
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(i) rx{P) is contractible if and only ifryiP) is contractihle and ZtlA = 0; 
in this case, even if P' is primitive, 7r*(rx(-P')) 7^ fYiP)j 

(a) ifry^P) is contractible and ZCiA ^ 0, then P' is a primitive collection 
in T,x, Tr*{'''x{P')) = ryiP) and rx{P') is contractible; 

(Hi) if P' is a primitive collection in T,x and rx{P') is contractihle, then 
'^*{i"xiP')) = ryiP); if moreover rx{P') • V{vi) 7^ —1 for all i = 
1, . . . , r, then ry{P) is contractible. 



The proofs of lemma |5.4| and lemma 5.5 are completely combinatorial and 



we postpone them to the end of the section. 



Proof of theorem 5.1. Let uj = rx{Q) G NE(X) be a contractible class, 
uj ^ b. Let's show that 7r*(u;) is a primitive relation. By theorem p.2| , either 
Q = P' for some primitive collection P in Sy of type a, b or c, or Q is a 
primitive collection also in Sy and has type c. 



If Q = P' with P of type a or 5, then by lemma 5.4 7r*(Lj) = ry{P) and 
ry{P) is contractible. 



If Q is a primitive collection also in Sy and has type c, then by lemma ^ 
(z), 7r*(a;) = ry{Q) and ry{Q) is contractible. 

li Q = P' with P of type c, then by lemma ^]5| (ni), vr*(a;) = ry{P) is 
primitive. Moreover, if 7r*(a;) is not contractible, it must be uo ■ V{vi) = — 1 
for some i G {1, . . . , r}. Since v G Q, we have a; • = 1. 

The only possible case where a primitive collection P of Sy gives two 
primitive collections P, P' in Tix is when P is of type c; in this case, by 



lemma 5^, the two relations rx{P) and rx{P') can not be both contractible. 
Hence tt* is injective on Cx \ {5}- 

Let's show that Cy C 7r^,(Cx \ {"^j)- Let 7 G NE(y) be a contractible 
class; then 7 = ry(P) for a primitive collection P in Sy. 

If P is of type a or 6, then P' is a primitive collection in Sx by theo- 



rem By lemma 5.4, rx{P') is contractible and vr,,(rx(P')) — i^viP)- 



Suppose that P is of type c; then by theorem |5.2| P is a primitive collec- 
tion in Ex too. Let Z cY he the locus of 7. If ZnA = 0, then lemma (i) 
applies, so rx{P) is contractible and 7rH=(rx(P)) = ry{P). 

If Z n A ^ 0, lemma |5.5| (ii) applies, so P' is a primitive collection, 
rx{P') is contractible and 7r*(rx(P')) = fY{P)- D 



Corollary 5.6. Let Y be a complete, non-projective, smooth toric variety 
such that there exists a smooth equivariant blow-up X ^ Y with X pro- 
jective. Then every class rj G Ai{Y) n NE(y) is a linear combination with 
positive integral coefficients of primitive classes. In particular, 

NE(y)= Yl '^>or{P)- 
PePC(Sy) 
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Proof. It is an immediate consequence of theorems 4.1 and 5.1 



□ 



Corollary 5.7. Let 7 = ry(P) be a contractible class in NE(y) and 7 G 
NE(X) contractible such that 7r*(7) = 7. Then we get a commutative dia- 
gram: 



X 



Y 



If (p-y is a blow-up and P is of type a or b, then all the four morphisms are 
blow-ups. 

Suppose that ip^ is a F^^^-bundle. If P is of type a, then also ipj is a 
-bundle; A is a -bundle on ^p-yiA) and ip is the blow-up ofYj along 
(p^{A). If P is of type b, then is a F^~^' -bundle, and ip is a F'^^^-bundle. 



Some examples with 7 numerically effective: 

a) let Y = Pp2(C'eC'(l)), ip^ the fibration on F^, and let vr: X 

blow-up along the fiber of a fixed point of P^. We get: 



Y be the 



X 



3 



Fi 



b) let X = Fi X P\ y = p2 X pi, TT the blow-up along {*} x P^ and tp^ the 
projection on P^. We get: 



Fi X 



pi ^ pi 



. p2 ^ pi 
— TIjl 



c) let y = P^ X P^, TT : X ^Y the blow-up at one fixed point p and ip^ one of 
the projections on P^. Let F be the P^ over (p^yip) in Y: F is blown-up to a 
surface Fi in X, that intersect the exceptional divisor along its exceptional 
curve L; 7 is the numerical class of the proper tranform of a line through p 
in F. The morphism cp^y is birational: the exceptional locus is the surface 
Fi, that is contracted on L. The image X^y is singular and ip has as a general 
fiber a P^, while the fiber over p has dimension 3. 



X 



■ P2 X P2 



X^ ■ 



22 



Proof of lemma \5.4{ Case a: P fl {vi, ■ ■ ,Vr} = 0. Consider the primitive 
relation ry(P): 

Xi-\ \-Xh = aiyi H h a^Vk- 

We suppose first that (yi, . . , yk) 2 (^i; • • > '^r)'- then (yi, . . , yjt) G Sx and 
rx(P) =ry(P). 

Suppose that rx{P) is contractible and let u = {zi,..,Zs) £ Sy such 
that {zi,..,Zs} n {xi,. . ,Xh,yi,- ■ ,yk} = and (yi,... ,yk) + & ^Y- If 
{yi-, ■ ■ ^Vk) + ^ does not contain (f i, . . , ii^), then it is a cone in Sx too, and it 
is clear by the contractibility of rx{P) that (xi, . . , Xj, . . , x/^, yi, . . , y^) +z/ G 
Sy for all i = 1, . . , /i. If (yi, . . , y^) + i/ contains (f i, . . , fr), then the set 
{yi, . . ,yk, zi, . . , Zs,v} \ {uj} generates a cone in Ex for all j = l,..,r. 
We can choose j such that Vj {yi, . . ,yfc}: then for the contractibility of 
rx (P) the set {xi, .. ,Xh,yi, ■■ ,yk, zi, ■■, Zs,v} \ {xi,Vj} generates a cone in 
Sx for all i = 1, . . , /i. Hence {xi, . . ,Xi, . . ,Xh,yi, ■ ■ ,yk, zi, ■ ■ , Zs) G Sy for 
alH = 1, . . , /i. So ry (P) is contractible. 

Conversely, suppose that ry(P) is contractible and let rj = {zi, .., Zs) £ 
Sx such that {zi, . . ,zjn{xi, . .,Xh,yi, . . ,yfc} = and (yi, . .,yk)+r] G Sx- 
If u ^ r?, it is easy to see that (xi, . . , Xj, . . , x/^, yi, . . , y^) + ry G Sx for all 
i = l,..,h. U V = zi, then (yi, . . ,yfc,fi, • • ,t'r,^2, • • ,^^5) G Sy, so by the 
contractibility of ry(P) {xi, . . , Xi, . . , Xh,yi, ■ ■ ,yk,v, Z2, ■ ■ , Zg) G Sx for all 
i = 1, . . ,h. Hence rx{P) is contractible. 

We have now to consider the case where the primitive relation ryiP) is 

xi H \-Xh = oiyi H h afcyfc + H h ^r'f^r- 

We order the Vi in such a way that 61 = • • • = &p_i < bp < bp+i < ■ ■ ■ < br, 
with p = 2, . . , r + 1. Consider the relation ry (P) + 6i(^: 

xi H h x/i = aiyi H h a^yA; + + (bp - bi)vp H V {br - bi)vr. 

Since (yi, . . , yfc, f 1, . . , fr) G 5^y, we have {yi, . . ,yk,v,Vp, . . ,Vr) G Sx: so 
rx(^) = ry(P) + 61 <5 and 7r,(rx(P)) = ry(P). 

Suppose that rx{P) is contractible and let 1/ = (zi, . . , Zs) G Sy such that 
{zi, . .,Zs}n{xi, . . ,x/i,yi, . .,yk,vi, ..,Vr} = ^ and (yi, . .,yk,vi, . .,Vr)+i^ G 
Sy. Then (yi, . . , y/c, f , Vp, . . , Vr) + is in Ex and by the contractibility of 
rx(P), we get (xi, . . ,Xi, . .,Xh,yi, . . ,yk,vi, . . ,Vr) + f G Sy for all i = 
1, . . ,h. So ry(P) is contractible. 

Conversely, suppose that ry(P) is contractible and let rj = {zi, .. , Zg) G 
Ex such that {zi, . . ,2^} n {xi, . .,Xh,yi, ■ .,yk,v,Vp, . . = and 

(yi, . .,yk,v,Vp, ..,Vr)+v^ ^x- 

Then (yi, . . , y^, f 1, . . , Vr)+r] is in Ey and the contractibility of ry(P) implies 
(xi, . . , Xi, . . , x/i, yi, . . , yfc, w, fp, . . , Wr.) + r/ G Ex for alH = 1, . . , /i. Hence 
rx(P) is contractible. 
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Case b: P D {vi, . . ,Vr}- Let the primitive relation rY{P) be 



vi-\ \-Vr + xi-\ \-Xh = aiyi H h akVk- 

Clearly {yi,- ■ ,yk) is also in T,x and the primitive relation associated to P' 

in Ex is u + xi H + Xh = aiyi H + akyk- Thus rx{P') = ryiP) - S 

and TT,irxiP'))=rY{P). 

It is easy to see that rx{P') is contractible if and only if ryiP) is con- 
tractible. □ 



Proof of lemma 5.5. We recall that the primitive relation ry(P) is 

H ^Vm + xi-\ \-Xh = am+iVm+1 H h atVt + 612/1 H h bkyk 

with l<m<r,m<t<r. 

(i) Suppose that rx{P) is contractible, and let = (zi, . . , z^) € Sy such 
that {zi,..,2;s}n{t;i,..,i;t,xi,..,x/j,yi,..,yA;} = and 

{Vm+l, . . ,vt,yi, . . ,yk) + ^ Sy. 

Then the cone {vm+i, ■ ■ ,vt,yi, . . ,yk) + 1^ also in Sx, and the contractibil- 
ity of rx(-P) implies that {vi, . . ,Vt,xi, . . ,Xi, . . ,Xh,yi, ■ ■ ,yk) + G Sy for 
all i = l,..,h and {vi, . . ,Vj, . . ,vt,xi, . . ,Xh,yi, ■ ■ ,yk) + G for aU 
j = 1, . . ,171. So ry(P) is contractible. 

To show that ZCiA = 0, we have to show that the cone {yi, . . ,yk,vi, . . ,Vr) 
is not in Sy. If this cone were in Sy, we would get {yi, . . ,yk,v) £ T,x, hence 
(xi, . . ,Xh,v) G which implies (P) G Sx, a contradiction. 

Conversely, let's suppose that ry(P) is contractible and that Z D A = (}>. 
Hence we have (yi, . . ,yk,vi, . . ,Vr) Sy, that implies {yi,..,yk,v) ^ Sx- 
Let's show that rx{P) is contractible. Let = (zi,..,Zs) be such that 
{zi, . .,Zs}r^{vl, . . ,ft,xi, . .,Xh,yi, . . ,yfc} = and {vm+i, ■ ■,vt,yi, ..,yk) + 
rj G Sx . Then v ^ t] and by the contractibility of ry (P) we get that the cones 
{vi,..,vt,xi, . . . .,Xh,yi, . .,yk)+ri, (xi, . .,Xh,vi, . .,Vj, . .,vt,yi, . .,yk) + 
rj are in Sx for all i = 1, . . ,h and j = 1, . . ,m. Thus rx(-P) is contractible. 

Finally, suppose that P' = {v,xi,. . ,Xh} is primitive. We remark that 
rY{P) — 6 is 

V + Xl-\ \-Xh = 

{am+1 + l)Wm+l H \-{at + l)vt + ft+1 H h + 6iyi H h ft/tyA:- 

In general ry (P) — (5 fails to be the primitive relation associated to P' in Sx , 
because the cone {vm+i, ■ ■ ,Vr,yi, ■ ■ ,yk) does not have to belong to Sx. We 
have: 

Mrx{P'))=rY{P) ^ rx{P')=rY{P) + X6, AgQ ^ 
rx{P') = rY{P) - 6 {vm+i,--,Vr,yi,..,yk) ^^x- 
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Under our hypotheses, since {vi, . . ,Vr,yi, ■ ■ , Uk) ^ and ry (P) is con- 
tractible, the cone {vm+i, ■ ■ ,Vr,yi, ■ ■ , yk) can not be in Sy, neither in Sx- 
Therefore 7r*(rx(P')) 7^ ry(-P)- 

{ii) Assume that ryiP) is contractible and that Zn^ 7^ 0, namely that 
the cone {v\, . . ,Vr,yi, ■ ■ , yk) is in • Hence we get 

{vi,. . ,Vr,xi,. . ,Xi,. . ,Xh) G Sy for alH = 

moreover (xi, . . , Xh) G Sy. Therefore (xi, . . , x/i) and (u, xi, . . , Xj, . . , x/j) 
are in Ex for alH = 1, . . , /i. Since (f , xi, . . , x^) ^ Sx, ^" = {v, xi, . . , x/^} is 
a primitive collection in Sx- Moreover (fm+i, ■ ■ iVr,yi, ■ ■ ,yk) S Sx implies 
that rx(P') = ry(P) - 5 and 7r*(rx(i")) = ry(-P)- 

Let's show that rx{P') is contractible: we consider r/ = (zi, . . , z^) G Sx 
such that {zi, ..,Zs}C\ {v,Vm+i, ■ ■,Vr,xi, . .,Xh,yi, ..,yk} = 1l and 

{Vm+l, ..,Vr,yi,..,yk)+v^ ^x- 

Since v ^ rj, {vm+i, ■ ■ ,Vr,yi, ■ ■ ,yk) + ?7 G Ey and the contractibility of 
ry(P) implies (ui, . . , , . . , u^, Xi, . . , x^, yi, . . , y^) + 77 G Sy for all j = 
l,..,m, and {vi, . . ,Vr, xi, . . , Xi, . . , Xh,yi, ■ ■ ,yk) +V G Sy for ah i = 
Hence in X we get that the cones {vm+i, . . ,Vr,xi, . . ,Xh,yi, . . , y^) + rj and 
(ujUto+i, • • ,'yr,a;i, • • • • • • + ?? are in Sx for ah i = 

So rx{P') is contractible. 

(m) Assume that P' = {u, xi, . . , x/i} is primitive, and that rx{P') is 
contractible. We have to show that rx{P') + 5 = ty^P)- Let rx{,P') be: 

v + xi-\ Vxh = a^Vi^ H h Ci^Vi^ + diwi H h 

where p < r and / > 0. We order the q in such a way that > • • • > 
Cj, > 1 = Cj^+i = ••• = Qj,, with s = 0,..,p, and set {vj^,..,VjJ = 

{vi,..,Vr} \ {Vii,--,ViJ. 

Since rx{P') is contractible, we have (v, iwi, . . , lu/) G Sx, so 

. . . . ,Wr,ti'i, . . ,it);) G Sx for all j = 1, . . ,r. 

Hence for all e = 1, . . , g wc get (.ti, . . , x/j, . . , -Uj^, . . , t;,.) G Sx- This 
implies that P is not contained in the set {xi, . . , x/j, vi, . . , Vj^, . . , v^} for all 
e = 1, . . ,9, so P D {xi,..,Xft,Vji,..,WjJ. 

On the other hand, we have the relation rx(P') + 

Vj^^ \-Vj^ + xi^ Vxh = 

(cii - l)vi^ H h (cj^ - + diwi H h diwi. 

Since the cone . . ^Vi^,wi^ . . ,wi) is in Ex, the set {xi, . . , Xh,Vj-^, . . ,Vj^} 
can not generate a cone in Ex: therefore P = {xi, . . , x/j, , . . , vj^}, and P 
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is the unique primitive collection of Sy contained in {xi, . . ,Xh,vi, . . ,Vr}- 
Moreover, rxiP') + S = ry(P), so 7r*(rx(-P')) = ryiP)- 

We suppose now that rx{P') ■ y{vi) 7^ —1 for all i = l,..,r. Since 
rx{P') = rviP) - S, it is 

V + Xl-\ \-Xh = 

{am+1 + l)vm+i H h (at + l)vt + vt+1 -\ \-Vr + hyi H h bkVk- 

Therefore rx{P') ■ y{vi) 7^ —1 for all i = 1, . . , r is equivalent to t = r, 
namely ryiP) is 

Vl-\ \-Vm + Xi-\ \-Xh = am+lVm+1 H h ttrVr + ^l^l H h bkVk- 

We want to show that ryiP) is contractible. Let v = {zi, . . , Zs) £ Sy such 
that {zi, ..,Zs}n {vi, . .,Vr,xi, . .,Xh,yi, . . = and 

{Vm+l, . . ,Vr,yi, . . ,yk) + £ Sy. 

Then {vm+i, ■ ■ ,Vr,yi, ■ ■ , Vk) + ^ £ and the contractibility of rx{P') and 
5 implies {v,vi, . . ,Vj, . . ,Vr,xi, . . ,Xi, . . ,Xh,yi: ■ ■ ,yk) + G Sx for all j = 
1, . . , r and i = 1, . . , h. Hence also {vi, . . ,Vj , . . ,Vr, xi, . . , Xh,yi, ■ ■ , Vk) + 
is in T,x for j = 1, . . ,m. So we get the desired cones in Sy and ry^P) is 
contractible. □ 



Remark: from the proofs of lemma 5.4 and 5.5 we see that: 



for P of type a, rx{P') = ry{P) + c5, where c = miuj \ry{P) ■ V{vi)\; 
for P of type b, rx{P') = ry{P) - 5; 

for P of type c, rx{P) = ry{P) and if rx{P') is contractible, rx{P') 
ry{P)-6. 
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